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Large Strain, Elasto-Plastic Finite Element Analysis
LawreNce D. HorMEISTER,* GILBERT A. GREENBAUM,T and Davip A. EvensEN]
TRW Systems Group, Redondo Beach, Calif.
A method is presented for the large strain, elasto-plastic analysis of two-dimensional struc-
tures by the finite element method. An incremental variational principle is used to develop
the finite element equilibrium equations for use in a piecewise linear solution procedure.
The present formulation differs from other papers in that the variational principle leads to a
set of equations which in¢lude an equilibrium check. The equilibrium check can be em-
ployed at any point in the incremental solution process, with a Newton-Raphson iteration, to
reduce any cummulative error in nodal point equilibrium. Such errors are caused by linear-
izing the displacement equilibrium equations, and can build up to such an extent that the
computed results are meaningless. The equilibrium check and corrective cycling procedure
presented herein prevent the computed load-deflection behavior from straying from the true
equilibrium path, and they represent a major contribution of this paper.
Nomenclature 3ij = Kronecker delta
8 ) = variational operator
A = cross-sectional area of truss member € = error measure
Asy 0o = initial and final inner radius, respectively, of & = error force at element coordinate ¢
folded sheet Aei; = linear portion of strains
Cijn = constitutive operator Anij = nonlinear strains
E,E, = elastic and postyield modulii, respectively bij = shape functions
AE;; = incremental Green’s strain tensor Adij,0i5,0:® = incremental, total and initial stress tensors
{E} = vector of residual error forces oy = yield stress
e = strain at inner radius of folded sheet u = Poisson’s ratio
{AF} = vector of incremental forces Awij = incremental rotation tensor
Af; = component of element force vector
kij = elements of incremental stiffness matrix .
ki@ = elements of geometric stiffness matrix Introduction
= tem stiffness matrix at st . .
{ggh’ - :z:’cgm Zeomn:tric stiffne:s ?neart)r]ii at step N ANY authors have applied the finite element method to
L = length of truss member geometrically nonlinear problems.!=® From this work,
N = load step N basically three classes of finite element formulations can be
q = applied pressure load defined: Class 1) incremental methods without equilibrium
{AR} = incremental system displacements checks; Class IT) direct solutions of the governing nonlinear
Ar; = incremental elemental displacement equations; and Class III) incremental methods with equi-

AT, T, T©® incremental, total and initial surface tractions,

respectively
Au; = incremental displacement
v = volume
X = local (initial) coordinates
s = current coordinates
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solving geometrically nonlinear problems.2¥71% 1In this
method, the load is applied to the structure in small incre-
ments, and the incremental displacements due to each load
step are determined. Incremental stresses and strains are
computed at each step and used in the following load step.
Although this method is computationally very fast, it has the
disadvantage that equilibrium at any particular load level is
not necessarily satisfied. No attempt is made to determine
if equilibrium requirements are indeed met, and the same
problem must be repeatedly solved using successively smaller
load steps to assess the solution accuracy.

The direct solution method (Class II) involves applying the
total load to the structure and computing the total response
by using mathematical iterative techniques. This approach
may be subdivided into two distinct categories; a) direct -
minimization of the potential energy, and b) direct solution of
the nonlinear algebraic equilibrium equations. .
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Mallett and Schmit>!t employ mathematical programing
methods to numerically minimize the potential energy func-
tional. An advantage of this method is that minimum com-
puter storage is required since no system stiffness matrices are
assembled; rather, the potential energy for the system is ob-
tained simply as the scalar sum of the energies of the individual
elements. However, if second-order gradient methods are
used to perform the energy search, in order to speed con-
vergence, this advantage disappears. Additionally, only
stable equilibrium configurations can be determined, making
the interpretation of the results awkward in some cases.

In the second category mentioned under Class II, mathe-
matical iterative methods are applied to the governing non-
linear equilibrium equations. Oden® has applied this scheme
successfully to mnonlinear elasticity problems. Newton-
Raphson iteration was used to solve the equilibrium equations.

A major disadvantage of both Class IT methods is that they
are not applicable to path dependent problems, such as plastic
deformation. A summary of the Class I and IT methods is
given by Mallett and Marcal.?

The third class of solution techniques involves determining
the incremental solutions due to a series of load steps and

applying equilibrium checks and (if necessary) corrections, to

the solution. Unlike Class I, this method insures that the
solution satisfies equilibrium throughout the loading his-
tory.»%1? This procedure was introduced by Wissmann.!?
There are numerous computational schemes that are asso-
ciated with this class. For example, in order to minimize
computer time, Brebbia and Connor® correct for equilibrium
at only every four steps. Murray and Wilson* iterate at
every load step to satisfy equilibrium, but do not necessarily
use the ‘“‘exact” incremental stiffness matrix. Wissman!?
uses a ‘‘progressive iteration with back-substitution” method
for each load step. The present paper uses the Class TIT
method with two different computational refinements. - The
first is to iterate at each load level, using the exact stiffness
matrix, until equilibrium is satisfied. The second technique
is similar to the Class I approach but attempts to correct for
equilibrium at each load step by using the unbalance force
from one step as a pseudo load in the next step. This method
is computationally equivalent to Class I but has the ad-
vantage that the solution is continuously monitored and
improved.

Other types of nonlinear problems which have been solved
using the finite element procedure deal with material non-
linearities, in particular elastoplastic behavior. Two general
methods have been developed for the elastoplastic analysis of
structures. These are a) the initial strain method, and b) the
tangent modulus method.

The initial strain method!®*treats the plastic strainsat each
incremental load step as initial strains for the next load step.
In this method, plasticity effects are taken into account as
pseudo loads, and the elastic stiffness matrix is used through-
out-the entire loading process. The advantage of thismethod
is that for small displacement problems, the governing stiff-
ness matrix need be built and “inverted’’ only once.

The tangent modulus method,” 8 on the other hand, is
based upon the incremental stress-plastic strain laws of plas-
ticity. In this method, plasticity effects are accounted for in
the stiffness matrix, which is updated at each load step. It
should be noted that when solving large deflection problems
by the ineremental methods (Classes I and III), a new stiff-
ness matrix is required at each load step. Thus, the large de-
flection incremental methods combine well with the tangent
modulus method, since it also requires a new stiffness matrix
at each load step. As pointed out by Marcal,!® the tangent
modulus method offers the additional advantage that larger
load increments can be used than in the initial strain method.

Only a few references have been found in which both
geometric nonlinearities and plasticity are treated within the
framework of finite element theory.”1®20 Both Felippa? and
Marcal® use a Class I method with the tangent modulus
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approach, while Armem and Pifko uses a Class I method with
the initial strain approach.2

The present paper develops the governing incremental finite
element equations for large strain, elasto-plastic problems.
The formulation presented is similar to that given by Felippa?
but uses a different variational principle. Felippa’s deriva-
tion is based on an incremental variational principle that as-
sumes the stresses at the reference state are in equilibrium
with the applied loads. This leads to an incremental finite
element formulation which does not check to determine if
equilibrium is satisfied (i.e., Class I method). The present
paper does not assume a priori that the reference state is in
equilibrium. Consequently, the variational principle used
herein leads to a Class IIT formulation, and equilibrium is
checked and controlled throughout the loading history.

Analytical Formulation

In this section, the general formulation of the piecewise
linear incremental solution of structures problems, involving
both material and geometric nonlinearities, will be presented.
This formulation is based on an incremental variational princi-
ple as given by Washizu. >

JIncremental Variational Principle

The present paper uses an incremental formulation for the
large strain, elasto-plastic problem. In the incremental varia-
tional principle presented by Washizu, the body is considered
at an arbitrary reference state of the load path. 1t is assumed
that all state variables are known at the reference state. The
reference state may be regarded as the initial stressed state
for determining the stresses, strains and displacements of the
current state. The current state is assumed to be incre-
mentally close to the reference state. The local initial coor-
dinate system X; for an element in the body is taken as a
Lagrangian frame for the current state.

This coordinate system is assumed to be inscribed on the
body, and when the body deforms in going from the reference
configuration to the current configuration these coordinates
also become deformed. A global reference system is used to
assemble all such elements of the body which, for convenience,
coincides with the local coordinate system X..

Let Au; (measured along the X; coordinate direction) be the
incremental deflections of a point in the body in going from
the reference to the current state. Then

=X, + Aug; (1)

describes the relationship between the local coordinates (cur-
rent coordinates) and the initial coordinates.

Consider a structure at the beginning of a particular loading
increment N. At this time, the initial coordinates X; and
current coordinates z. are identical. Assume that stresses
749 and surface tractions T,® are acting on the structure at
this time, i.e., prior to the addition of the increment of load for
step N. These stresses and loads are with respect to the
initial coordinate axis and are referred to a unit of area before
the addition of the load increment. The stresses are there-
fore “true” stresses. For future reference, the area and
volume of an element before the load increment is applied will
be referred to as the “undeformed” area and volume, respec-
tively. The area and volume after the load increment is
applied will be referred to as the “deformed” area and volume,
respectively. Next, impose on the structure the incremental
surface tractions AT;. These give rise to additional stresses
Ac;; incremental displacements Aw;, and distort the coordi-
nates x;. Thus the total stresses and surface tractions at the
end of 18ad increment N are given by

oy = 0@ + Ady; @
T; = T:© 4 AT @
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The stress tensor o;; is referred to a unit of area before the
addition of the incremental loads for step N (undeformed
area), but is with respect to the current axes z:.22 Likewise,
T is referred to the undeformed area and current axes.

The principle of virtual work?! for incremental load step N
is, neglecting body forces

So(0:;® + Aci)0(AE AV = [(T:® + AT)é(Au)dS (4)

where AE; is the incremental Green’s strain tensor, and all
integrals are referred to the undeformed volume of the ele-
ment. The strain tensor can be written as

AE“' = Aei]‘ + A'f]ij (5)

where Ae;; will lead to linear strain-displacement relations,
and Ax,; to nonlinear expressions. The incremental con-
stitutive law in Lagrangian variables is??

Aoy = CijnAEy (6)

where C;;x; may include the effect of past loading. For ex-
ample, Marcal®® gives a convenient form for the constitutive
law for elastoplastic problems which was used for the work re-
ported herein. Using Egs. (2) and (3) in Eq. (4), and neglect-
ing higher order products of incremental strains gives

fv[ﬂ'ij(o)a(Aﬂij) + Aeszﬁkl&(Aeﬁ) ]dV = fsATIB(Au,)dS -
[fq)o'ij(o)6<A€ij)dV —_ fsTi(o)a(Aul)dS] (7)

If it is now assumed that the initial stress state, denoted by
;@ and T, is in equilibrium prior to the addition of the
incremental loads for step N, then the last two integrals in
Eq. (7) vanish, and a formulation similar to that of Felippa?
or Murray and Wilson4results. However, due to the numerical
incremental solution technique for solving a large strain
problem, the initial stress state may not be in equilibrium be-
fore load step N. As will be shown in a later section, it is
possible to derive an equilibrium error check if these terms are
retained.

Note that the total stresses o,; resulting from load step N
become initial stresses for step (N 4+ 1). For step N, these
stresses are referred to a unit of undeformed area, and current
axes x;, However, for step (N + 1), these stresses must be
referred to deformed area and the initial axes X;. The rela-
tion between the stress tensor ¢;; and the initial stress tensor
;@ is2?

0:5;© = [02/3X| 101 (02.:/0X 1) (02;/0X ) (8)
where |bx/bX | is the determinant of the matrix [dz;/0X;].
From Eq. (1)

dz:/dXx = Bux + Auin ©)
gives the derivatives of Eq. (8), and
[0z/dX|~1 >~ (1 — Auri — Auss — Augys) (10)

the scaling factor. A similar transformation holds for surface
tractions.

For plane stress and plane strain analysis, the strain-dis-
placement relations are

AEij = %(Au,:,,- + Auj,,,-) (11)

A’I)ﬁ = %Auk,iAuk,j (12)

and will be used to complete the virtual work principle.

However, other nonlinear strain-displacement equations,

such as those for finite plate displacement theory, could be

used. Substituting Eqgs. (11) and (12) in Eq. (7) gives the
final form of the incremental virtual work statement as

f,,(a;j(°)Auk,;6Auk,j —|'- Ci,-szuk.zﬁAui,j)dV =
SAT:6MudS — (fo0:;08Au;,dV — fT.98AudS) (13)
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The stress transformation, Eq. (8) becomes

0i;® = (1 — Aew)os; + (Aes + Awi)ou +
(Aew + Awa)on (14)

where the incremental rotation is

Awij = %(Au;',j - Auj,i) (15)

Finite Element Formulation

To derive the discrete element form of Eq. (13), the incre-
mental displacements within each element are approximated
by

Auy = ¢ikA’ri (16)

where the ¢ are interpolating? or shape functions, and the Ar;
are incremental nodal point displacements. The interpolat-
ing functions should satisfy certain requirements if the nu-
merical solution is to represent an upper bound to the true
solution. Substituting Eq. (16) into Eq. (13) leads to

(ki@ + kij) Ar; = Afi + € an
for each element where
ki@ = fodint0u@@indV (18)
kij = SobiiCrinnimndV (19)
Af; = fATvdpadS (20)
& = ST 0adS — [0 @padV 1)

The terms given in Eq. (18) form the incremental geometric,
or initial stress, stiffness matrix, and the terms of Eq. (19)
give the conventional incremental stiffness matrix. The in-
cremental loading vector, for surface tractions only, is com-
posed of the terms of Eq. (20). The components of Eq. (21)
are referred to herein as restduals, since they can be used to
measure the residual error in nodal point equilibrium at any
load step.

Once an element type and shape functions have been
chosen, and a material law considered, the integrals of Egs.
(18) to (21) can be evaluated, usually in closed form. Then
Eq. (17) becomes

(k@] + kDxidrly = {Affy + {e}n (22)

for load step N. If the finite element shape changes during
the incremental loading process prior to step N, then some
approximations are introduced in the integrations for step N.
This is the case for large strain problems in which so-called
refined elements are used, as in the work reported herein.
However, if the element size is kept small in the regions of high
strain, the linearizing approximation introduced should be
accurate.

Next, Eq. (22) can be evaluated for each discrete element,
and by considering inter-element compatibility and boundary
conditions, these can be assembled into a system of linear in-
cremental equilibrium equations for the entire structure,

(K@) + [KD~{AR}y = {AF}x + {E}x  (23)

For load step N, these equations can be easily solved for
{ AR} 5, the nodal point displacements.

Solution Procedure

The linear incremental solution technique for nonlinear
structural response problems proceeds as follows. For the
first step, the terms of Eq. (23) are

{E}: = {0}
and since there are no initial stresses,
[K@], = [0]
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Then the linear problem
[KL.{AR}, = {AF}:

issolved. After this first step, and after each succeeding step,
nodal point coordinates are updated, and total displacements,
strains and stresses are computed by adding all incremental
contributions. - The total stresses at the end of step N, ay;,
must be transformed to ¢:;©, initial stresses for step (N + 1),
by using the transformation of Eq. (14). Note that in this
type of procedure, the stiffness matrices [K@]y and YK lv
are recomputed for each load step, as indicated by the sub-
seript N. This is due to the fact that both stresses (which
effect the geometric stiffness matrix) and the stress-strain law
(which effects the conventional stiffness matrix) change during
the incremental solution process. For loadings which “fol-
low” the structure, such as normal pressures, the load vector
must also be updated for each step.

The step-by-step procedure is shown graphically in Fig. 1,
in which R is some measure of deflection, and F' a measure of
applied force. Initially, AF, is applied to the structure, with
E; = 0 (no initial unbalance), and the response R, = AR;
computed from Eq. (23). Note that, in general, B, # R\,
where the supersecript ‘7"’ denotes true solution. Next, the
residual Es, 1.e., the error associated with the first incremental
step, is computed, after updating displacements, strains and
stresses. This quantity can be used to check the accuracy of
the incremental procedure, since it represents the unbalance
in nodal point equilibrium introduced by the linearizing as-
sumptions in the present theory. For the second ineremental
step, the load (AFs 4+ Es) is applied, giving eventually R,.
The process is continued in this manner until the error is as
small as desired.

It is important to note how this method differs from the
incremental procedures outlined by other investigators.
First, an equilibrium check is automatically provided in the
form of the residual vector {E}x. Below it is shown how
this quantity can additionally be used to reduce the equi-
librium unbalance. Also, the addition of the residual vector
to the force vector leads to displacements which are closer to
the true values than would be obtained by using only the in-
cremental force vector. This can be seen from the example
of Fig. 1. If just AF, is added to the structure for step 2,

instead of (AF, + F,), then R would result, which is a poorer
approximation to the true displacement than R,. Therefore,
the omission of the residual vector leads to a load-deflection
curve considerably above the true curve, for structures which
“soften’”” with increasing load.

If the structural response is highly nonlinear, even the
aforementioned procedure will lead to computed results

true load-deflection curve \/

1 ~E
\
AFZ I,
\
1
| |
1 |
I8 gt E
L I

_ R
1 % (Tj % R x®

‘Fig. 1 Incremgntal‘ solution process.
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Fig. 2 Corrective iteration.

which are in error. For these types of problems, a Newton-
Raphson iteration, which uses the residual vector, can be
employed to reduce the error in nodal point equilibrium to any
desired degree. The procedure is as follows. After {R}w,
{E}w, etc., have been computed for step N, all information
is updated. Then Eq. (23) is reassembled and resolved using
only {E}x as a load vector. The resulting additional inere-
mental deflections, strains and stresses are added to the pre-
vious values for step N. A new residual is computed, and
the process is repeated. In fact, this iteration can be per-
formed at constant load as often as desired. In the work re-
ported herein, the ratio of the norms of the residual vector
and total force vector

e = ({EYT{E}/{R}T{R})V?

is used to control the iteration by specifying that the correc-
tive cycling continue until e is less than some small number.
Note that this process is similar to a Newton-Raphson itera-
tion, as can be seen from Fig. 2. In this figure, the stiffness
matrix computed for point 1 is used to predict (ARx); as the
response to AFy, as a first approximation to the displacement
ARy. Next, the stiffness matrix for point 2 and the load of
(Ex)1 are used to compute (ARy)s, giving [((ARx)1 + (ARN)s]
as the new approximation to ARy. Note that (Fy)s is
much smaller than (Ey);, indicating the iteration is converg-
ing. After suitable accuracy has been achieved, the next
load inecrement may be added to the structure. This proce-
dure of iteration to insure equilibrium is similar in spirit to
the work of Murray and Wilson,* but differs basically in the
way the unbalance forces are computed.

Numerical Examples

Two classes of example problems are considered herein to
demonstrate the salient features of the theory. A simple
single-degree-of-freedom truss problem is used to compare the
various 3olution procedures just outlined. Severalplane strain
examples are also presented which display various types and
degrees of nonlinear behavior.

The derivation of the elemental characteristics for the truss
element is based upon a linear interpolation for displace-
ments. The plane strain solutions were generated using the
six nodal point triangular finite element introduced by
Felippa.” In this element, a linear variation in both strains
and material properties is assumed, leading to a quadratic
stress variation.

The elasto-plastic constitutive relations proposed by Mar-
cal® are used for the two-dimensional problems presented in
the following seetions. Work hardening is assumed to de-
pend upon only the total plastic work dissipated during
deformation, and thus a material can be completely charac-
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Fig. 3 Truss ex-
ample problem.
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terized by its uniaxial elastic modulus E, Poisson’s ratio p,
yield stress o, and postyield modulus E,.

Truss Problem

The truss problem shown in Fig. 3 has been solved by
several investigators.!? The member length is L, elastic
modulus £ = 10,000,000 psi, and constant cross-sectional
area A = 1in.2 Euler buckling and bending deformation are
suppressed in the analysis, and only elastic behavior is
considered.

Table 1 shows three different incremental solutions to the
truss example problem. The first solution is a simple linear
incremental approach. As can be seen from the last column,
for this case the residual error grows larger with each addi-
tional increment. For the second case, the residual has been
added to the next applied load increment, resulting in much
smaller errors. The final case shows the effect of only one
cycle of iteration after each load step.

Hollow Cylinder

To investigate the application of the theory presented
herein to elasto-plastic problems, a long cylinder subjected to
internal pressure was studied. This example was used by
Ref. 17 in a finite element solution. The cylinder had the
characteristics given in Table 2.

A cross section cut through the cylinder was assumed to be
in a state of plane strain. One-quarter of this slice was
modeled using 24 linear strain triangular elements. A total
load of 15 ksi internal pressure was applied in five equal in-
crements, and the iterative correction continued until ¢ <
0.01, after each load step.

Some typieal results are shown in Figs. 4a and 4b, in which
r is the radius of the cylinder. The circles represent finite
element results, whereas the solid lines are from Ref. 17 using
the Von Mises yield criterion and the Prandtl-Reuss flow
law. Figure 4a is a normalized load-deflection curve, where
u(b) is the radial displacement measured at r = b, the outer
radius of the cylinder. In this problem, the nonlinearity is
caused by yielding which begins in the finite element model
at the inner surface r = « at a load slightly greater than P = 9
ksi (P/K = 0.78). Figure 4b is plotted for the maximum
load of P = 15 ksi (P/K = 1.3). These results show that
accurate solutions for displacements and stresses can be ob-
tained using the theory proposed herein. Note also that this
problem represents the most severe type of elasto-plastic
behavior, since no strain hardening is assumed.

B o
K K
1.0] 1.5 2.0 r
1.5k 0 a
-4
1.0
I _.8|
0.5k
L L |
1 2 2Gu(b)
ay K b)

Fig. 4 a) Load vs deflection for eylinder; b) radial stress
for cylinder.
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Table 1 Truss problem results

Load, Displacement Residual,
Case Ib u, in. 1b

Linear incremental solution 0.5 0.0500 0.0369
1.0 0.1086 0.0848

1.5 0.1809 0.1527

Incremental solution with 0.5 0.0500 0.0369
residual added to applied 1.0 0.1129 0.0551
force 1.5 0.1945 0.0859
Incremental solution with 0.5 0.0543 0.0003
one cycle of iteration after 1.0 0.1210 0.0007
each step 1.5 0.2129 0.0030

Notched Tensile Specimen

A notched tensile specimen assumed to be in the condition
of plane strain was analyzed in Ref. 17. However, in Ref. 17
constant strain triangular finite elements were used, whereas
the present theory has been implemented using linear strain
triangles. This problem is used to investigate the various
solution procedures previously outlined, as was the truss
problem presented earlier. The nonlinearity in this problem
is caused by localized yielding of the notched sheet.

. Figure 5 shows the tensile strip and the finite element
mesh. Because of symmetry, only one quarter of the strip
was considered. A total tension load ¢ = 30 ksi applied in
eight equal increments.

Figure 6 shows some of the results obtained for this prob-
lem, in the form of a plot of maximum strain the z direction
versus applied load. The solid dots represent a solution for
which iteration at constant load was performed until e < 104,
The circles give the results obtained by adding the residual
error to the incremental load for the next step. The x data
points show the conventional linear incremental solution. As
in the case of the truss problem, both of the methods for
correcting equilibrium unbalance gave solutions significantly
different from those obtained by the conventional step-by-
step. procedure. For this problem, the addition of the
residual to the next step (“o” in Fig. 6) improved the strain
predictions considerably over the conventional solutions (‘“x”
in Fig. 6), at no additional cost in computer time.

Elastic Cylindrical Bending Problem

In Ref. 4, large deflection-moderate strain plate problems
were solved by using triangular plate bending discrete ele-
ments. These solutions were limited to the elastic range and
compared very well with analytical solutions given by Ref. 23.
In particular, cylindrical bending of infinitely long plates due
to uniform pressure was considered. This same type of plate
problem was used herein to verify the theory and solution
method of this paper for large deflection problems.

The infinite length plate was considered as a plane strain
problem. Figure 7 shows the geometry of the plate section
and the finite element grid. The width of the plate was taken
as 20 in,, and only half of the plate was modeled due to sym-
metry about the centerline. The material properties were
E = 30,000 ksi and u = 0.3, and a total load of ¢ = 5 ksi was
applied in 40 equal increments. The iteration at constant
load was applied after each increment until e < 10~4,

Table 2 Properties for solid cylinder

Shear modulus G = 3,850 ksi
Inner radius a = 1.0in.
Outer radius b = 2.0in.
Elastic modulus E = 10,000 ksi
Poisson’s ratio u = 03

Yield stress in tension gy = 20ksi
Post yield modulus E,=0

Yield stress in shear os = 11.54 ksi
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Fig. 5 Tensile strip problem.

Some of the computer results are shown in Fig. 8a and 8b
as circles, with the analytical solutions from Ref. 23 repre-
sented by the solid lines. As can be seen from Fig. 8a, excel-
lent agreement was obtained between the analytical and finite
element solutions for deflection at the center of the plate.
Good agreement was also obtained for membrane stresses, as
measured at the center of the plate and shown in Fig. 8b.

This plate problem also demonstrated the need to use the
nonlinear strain-displacement equations to compute ele-
mental strains, and eventually stresses. In Ref. 7, only the
linear portion of the strain-displacement equations was used,
since in any one step, the incremental strains should be small
enough that the nonlinear terms can be neglected. How-
ever, for the plate problem previously considered, large mid-
plane strains develop mostly due to the rotation of this plane,
and enters into the problem only through the nonlinear por-
tion of the strain-displacement relations. Numerical results
generated by neglecting the nonlinear contribution to the
strain, even for small load increments, (0 to 2.5 ksi and 20
steps), are considerably in error. This error was eliminated
by rerunning the same problem in 200 steps, at the expense of
much more computer time.

Elasto-Plastic Cylindrical Bending Problem

The elastic large deflection plate cylindrical bending prob-
lem considered above was rerun using £, = 75 ksi and o, =
110 ksi. These values were obtained by fitting a bilinear ap-
proximation to a typical true stress-true strain curve of a low-
alloy structural steel. True strains greater than 209, were
neglected in the fitting.

A total load of ¢ = 1.25 ksi was applied to the plate in ten
equal increments, and iteration after each increment was
performed until e < 10~%  Tigure 8a and 8b show some of the
numerical results for this problem. The aforementioned
elastic solution is also given for comparison in these plots.
From both figures it ean be seen that considerable difference
exists between the elastic and elastoplastic solutions for both
deflections and stresses. In fact, due to the progressive yield-
ing through the plate thickness, the slope of the load-deflec-

o,KSI

0F ® Tterated
o Residual Added

x No Correction

1 I | 1 i
0 20 40 60
Maximum e, [6:¢ 10_4)

Fig. 6 Stress vs maximum strain for tensile strip.

tion curve, Fig. 8a, changes noticeably at a load near 625 psi.
Large strains were not developed during the solution to this
problem.

Large Strain Problem-Sheet Bending

Solutions to large deflection, elasto-plastic problems are not
plentiful in the literature. However, Ref. 24 presents a
problem, under the general theory of sheet bending, which
can be used as a partial check on the accuracy of the theory
presented herein. The problem is that of plastic bending of a
wide sheet by couples applied along opposite edges. By
assuming; 1) plane sections remain plane, 2) elastic deforma-
tion can be neglected, 3) the material is perfectly plastic, and
4) the Tresca yield criterion, the analysis of Ref. 24 gives the
following expression for hoop strain at the inner radius:

e = Infa,(a; + t/2)/a.(a, + £/2)] (24)

where ¢ is the sheet thickness, a, the starting inner radius and
a, the final inner radius. This equation was plotted for ¢ =
0.02 in. and a range of a, values in Fig. 9 as a solid line. The
starting inner radius a, was computed from theory of elas-
ticity as the radius at which yielding first occurs. For this
problem a, = 14.95 in.

A finite element model was devised to represent a portion of
the sheet. The model was “loaded” by specifying displace-
ments along one boundary such that this edge remains plane
and the nodal points do not move radially along this boundary
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Fig. 8b Membrane stress vs load for plate.
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with respect to each other. This was done to simulate the
“planes remain plane” assumption in the analytical solution.
The inner radius was computed by fitting a second order
curve to the two nodal points on the inner surface closest to
the center-line of the fold. Zero hardening was postulated to
duplicate the assumptions made in the analytical model. The
other input quantities were £ = 10,000 ksi, u = 0.33, 0, = 6
ksi, and € < 1072 The model was loaded, starting from a
radius of @, = 18.30 in. (at which the first yield occurred) to an
inner radius of a, = 0.0125 in. in thirteen steps. Some typical
plastic hoop strains obtained for this solution are shown as
dots in Fig. 9.

As can be seen from Fig. 9, the finite element solution
agrees well with the analytical results over a wide range of fold-
ing radii. However, for small and large folding radii; the
solutions did not agree closely. At large radii, part of the
cross section of the finite element model was still elastic,
whereas the analytic solution neglects elastic behavior. At
small radii, shear strains grew large in the numerical model,
distorting originally plane sections (except at the end bound-
aries). The closed-form solution assumed planes remain
plane. The shear strains tended to relieve the hoop strains
in the finite element idealization at small radii. Note that
this problem is an example of elasto-plastic, large strain (on
order of 30%), in large deflection (on order of thickness)
behavior.

Conclusions

An incremental method for the prediction of elasto-plastic,
large strain and deflection response of structures by the finite
element method has been presented. Two different methods
for the control of residual error have been discussed. It was
also pointed out that the complete nonlinear strain-displace-
ment equations must be used to compute strains.

Several plane strain example problems were solved to dem-
onstrate the theory. All solutions were obtained using a
CDC 6500 computer. Running times for the examples given
herein are shown in Table 3. From Table 3, it can be con-
cluded that efficient solutions can be obtained using the
method of this paper for reasonably sized problems.

Table 3 Solution times

Degrees- Running time,

Example of-freedom sec
Hollow cylinder ’ 130 69
Notched strip—no correction 98 34
Notched strip—residual added 98 34
Notched strip—iterated 98 146
Elastic cylindrical bending 51 223
Plastic cylindrical bending 51 236
Large strain bending 126 376
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